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Abstract—Virtual oscillator control (VOC) is a time-domain
strategy for regulating grid-forming converters by emulating
the dynamics of nonlinear oscillator circuits. Among the three
commonly used VOC types—Van der Pol, dead-zone, and
Andronov-Hopf (AH) oscillators—only the AH oscillator
generates harmonic-free waveforms, whereas the Van der Pol
and dead-zone oscillators introduce harmonic content.
However, the dead-zone oscillator uniquely features a
bounded nonlinear gain, which is essential for ensuring global
asymptotic large-signal stability in the VOC-based converter-
grid system under large grid disturbances. To address
existing design limitations, a two-dimensional dead-zone
(TDDZ) oscillator is proposed for the first time, combining
harmonic-free oscillations with a bounded nonlinear gain. The
harmonic-free attribute is achieved by coupling 2-D states to
define the nonlinear forcing function. Meanwhile, the nonlinear
gain is retained as bounded by setting the boundaries of
nonlinear functions, accounting for both the inherent
nonlinearity of the damping function and the nonlinearity
introduced by the power regulation loop. Perturbation theory
is utilized to demonstrate the harmonic-free attribute, and the
small-gain theorem is applied to assess the global asymptotic
large-signal stability of the TDDZ-based converter-grid system.
The effectiveness of the proposed TDDZ oscillator is validated
through simulation and experimental results.

Index Terms—Bounded gain, global asymptotic large-
signal stability, harmonic-free, small-gain theorem, virtual
oscillator control (VOC).

I. INTRODUCTION

TO integrate more renewable energy resources, grid-forming
(GFM) technology is considered a promising solution for

power-electronics-dominated power systems [1], [2]. Here, GFM-
controlled converters refer to those with decentralized controls that
can sustain the system voltage profile and frequency without relying

on rotating machinery [3], [4], [5]. Conventional GFMmethods are
based on the digital emulation of synchronous machine operations,
such as droop control [6], power synchronization control (PSC) [7],
and virtual synchronous machine (VSM) [8]. Departing from these
machine-emulation-based (MEB) methods, a class of nonlinear
time-domain GFM strategies, known as virtual oscillator control
(VOC), has been proposed to emulate the dynamics of nonlinear
limit-cycle oscillator circuits [9], [10], [11], [12], [13], [14], [15],
[16], [17], [18], [19].

Unlike phasor-based MEB controls, VOC is a time-domain
method that offers superior dynamic performance, as it elimi-
nates the need for additional filters or averaging [20], [21]. The
development of VOC strategies can be cast in terms of the non-
linear forcing function f ðx,yÞ utilized in such controls. Three
commonly used VOC types are dead-zone [9], [10], [11], Van
der Pol [12], [13], [14], and Andronov-Hopf (AH) oscillators
[15], [16]. Building upon these foundational VOCs, the dis-
patchable VOC (dVOC) has been proposed to regulate power
output to the grid [17], [18], [19]. Based on the perturbation the-
ory, studies [12] and [22] revealed that the harmonic content in
the Van der Pol and dead-zone oscillators is directly propor-
tional to the parameter �¼ er, where e represents the character-
istic impedance of the VOC, and r denotes the negative
conductance of the VOC. Larger values of � result in so-called
relaxation limit cycles [23]. In contrast, the AH oscillator produ-
ces harmonic-free waveforms irrespective of the � value. Fur-
thermore, [22] applied the averaging method to demonstrate that
the rise time of all three oscillators is inversely proportional to �.
Thus, the Van der Pol and dead-zone oscillators exhibit a trade-
off between dynamic response and harmonic content, while this
tradeoff is absent in the AH oscillator [22].

The AH oscillator, however, features an unbounded inherent
nonlinear gain compared to the bounded inherent nonlinear gain
of the dead-zone oscillator. The inherent nonlinear gain refers to
the nonlinear gain of the inherent damping function gðx,yÞ
embedded in VOCs hereafter. Studies [10] and [24] calculated
the maximum inherent nonlinear gain of the dead-zone oscillator
as the absolute value of the negative conductance, r, using the L2
gain calculation approach [25]. In contrast, the L2 gain of the
nonlinear damping function gðx, yÞ in the AH oscillator depends
on the states and is inherently unbounded. A key advantage of
having a bounded nonlinear gain is the ability to establish global
asymptotic stability through the small-gain theorem. Studies [10]
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and [24] have provided a sufficient condition for the global
asymptotic synchronization of a class of identical dead-zone
oscillators coupled through an electrical network in islanded oper-
ations. This condition leverages the bounded inherent nonlinear
gain of the dead-zone oscillators as a basis for applying the small-
gain theorem to design global asymptotic synchronization.

Beyond the global asymptotic synchronization of a set of
oscillator-based converters in islanded operations, the small-gain
theorem can be extended to analyze the global asymptotic large-
signal stability of grid-connected oscillator-based converters under
severe grid disturbances. Here, large-signal stability refers to the
ability of grid-connected converters to maintain synchronism under
large grid disturbances [26], [27], [28], [29]. A primary challenge in
analyzing large-signal stability is capturing the large-signal nonlin-
ear dynamic responses of the system [26]. Traditional small-signal
modeling approaches and linear control theory do not apply in this
context, and it is usually difficult to conduct theoretical analyses
based on nonlinear differential equations [26], [30].

Phase portrait analysis has been extensively used to investi-
gate the large-signal stability of grid-connected GFM converters
under severe grid disturbances [26], [29], [31]. This approach
was first proposed for PSC, a first-order controller, where ana-
lytical solutions can be obtained [26]. It was later extended to
droop control by neglecting voltage magnitude dynamics [31].
However, when extended to higher order controllers—such as
VOC—or when voltage magnitude dynamics are included, the
approach relies on numerical computation to plot _d-d-V trajecto-
ries and, consequently, cannot yield analytical solutions. A 2-D
phase portrait, also referred to as a vector field on the circle, was
applied to assess the large-signal stability of the AH-based
dVOC-controlled converter, assuming a constant oscillator volt-
age magnitude [31]. However, once voltage dynamics are taken
into account, this approach becomes inapplicable.

For VSM, the equal area criterion (EAC)—widely used in tra-
ditional power systems and based on the power–angle (P− d)
curve—has been used for large-signal stability analysis [32],
[33]. Nevertheless, EAC is inherently limited to second-order
controllers and neglects voltage dynamics in the P− d analysis.
Lyapunov-function-based approaches have also been employed
to evaluate the large-signal stability of both VSM [34] and VOC
controllers in islanded mode [35], [36], [37] and grid-connected
mode [38], yet constructing a suitable Lyapunov function for a
specific system remains challenging. Similarly, passivity theory
has been explored for large-signal stability assessment in VOC
[39], [40], but it faces significant difficulty in formulating an
appropriate storage function when the coupling network
includes energy storage elements [24].

In comparison, the small-gain theorem for large-signal stability
analysis is neither limited by the order of the controller nor does it
require the formulation of additional functions and can yield analyti-
cal solutions to guide controller parameter design [25]. The key pre-
requisite is that the nonlinear subsystem gain should be bounded so
that the overall system gain can be designed to be less than one,
which indicates global asymptotic large-signal stability [25].

To address these design limitations, this article proposes a
two-dimensional dead-zone (TDDZ) oscillator. The key contri-
butions of this article are summarized as follows.

1) A new TDDZ VOC is proposed for single-phase GFM,
grid-connected converters, characterized by its harmonic-
free attribute and bounded nonlinear gain.

2) The harmonic-free attribute is achieved by coupling 2-D
states to define a nonlinear forcing function f ðx,yÞ, which is
proven using perturbation theory.

3) The nonlinear gain of the oscillator, incorporating the inher-
ent nonlinear damping function gðx, yÞ and the power regu-
lation loop, is designed to be bounded. This bounded gain
enables the application of the small-gain theorem to ensure
the global asymptotic large-signal stability of the TDDZ-
based converter-grid system under large grid disturbances.

The remainder of this article is organized as follows. Section II
establishes notation and presents essential mathematical preliminar-
ies. Section III introduces the model and circuit representations of
the TDDZ oscillator. Section IV analyzes its harmonic-free attribute
using perturbation theory. Section V focuses on designing the
bounded nonlinear gain of the oscillator in the presence of the
power regulation loop. The effectiveness of the proposed oscillator
is validated through simulation and experimental results presented
in Section VI. Finally, Section VII concludes the article.

II. PRELIMINARIES

A. L2-Norm

For a complex vector u, its Euclidean norm, kuk2, is defined as
kuk2 ¼

ffiffiffiffiffiffiffi
u�u

p
(1)

where ð�Þ� represents the conjugate transpose operation.
For a set of continuous functions uðtÞ, the L2-norm of u is

defined as

kukL2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ s

0
uðtÞTuðtÞdt

s
(2)

where 8s 2 ½0, þ1Þ and ð�ÞT denotes transposition.
The space of piecewise-continuous and square-integrable

functions, where kukL2
<1, is denoted as L2 space. If u 2 L2,

the function u is described as being bounded [24].

B. L2 Gain

For a causal system, H, with input u and output y, the system is
considered finite-gain L2-stable if there exist finite, nonnegative
constants c and g, such that

kykL2
¼ kHðuÞkL2

� ckukL2
þ g, 8u 2 L2: (3)

The smallest value of c for which such an g exists in (3) is defined
as the L2 gain of the systemH [10]. Denoted as cðHÞ, the L2 gain of
H measures the maximum amplification applied to the input signal
u as it passes throughH. Therefore, the system is described as being
input–output stablewhen the L2 gain ofH is finite [24].

If H is linear and represented by a transfer function matrix
HðsÞ 2 C

N�N , it can be shown that the L2 gain of HðsÞ is equal
to its H1-norm, denoted by kHk1, which is defined as

cðHÞ ¼ kHk1 ¼ sup
x2R

kHðjxÞuðjxÞk2
kuðjxÞk2

(4)

where kuðjxÞk2 ¼ 1. C and R represent the sets of complex and
real numbers, respectively.
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For a single-input single-output transfer function, the L2 gain
ofHðsÞ 2 C can be simplified to

cðHÞ ¼ kHk1 ¼ sup
x2R

kHðjxÞk2: (5)

C. Small-Gain Theorem

For an interconnected system composed of two subsystems,
H1 and H2, the small-gain theorem states that the system will
exhibit bounded-input, bounded-output stability if the product
of their gains—typically the L2 gains—is strictly less than one
[25], expressed as

GH1 �GH2 < 1 (6)

where GH1 and GH2 are the L2 gains of the subsystem H1 and
H2, respectively. Notably, the subsystems H1 and H2 can be
either linear or nonlinear.

III. OSCILLATOR DESCRIPTION

In this section, the generic circuit representation of VOCs is
briefly reviewed. Next, the model of the proposed TDDZ oscil-
lator is presented.

A. Generic Circuit Representation of VOC

The generic circuit representation of VOCs is shown in
Fig. 1(a). It consists of an electrical LC tank with an inductance
L and a capacitance C, a negative conductance −r, and a nonlin-
ear forcing function f ðx, yÞ. Denoting the capacitor voltage and
inductor current as vc and iL, respectively, the circuit dynamics
in Fig. 1(a) can be described as

C
dvc
dt

¼ −iL − f ðx,yÞ þ rvc (7a)

L
diL
dt

¼ vc (7b)

where x¼ vc, y¼ eiL, and e¼ ffiffiffiffiffiffiffiffiffi
L=C

p
, which represents the

characteristic impedance of the LC tank. Besides, x0 ¼ffiffiffiffiffiffiffiffiffiffiffi
1=LC

p
denotes the natural frequency of the LC tank.

The specific form of the nonlinear forcing function f ðx, yÞ dif-
fers for each oscillator and is the innovative design element of the
proposed TDDZ oscillator. The function f ðx, yÞ satisfies the condi-
tion f ðx,yÞ � vc � 0, which corresponds to power absorption. In
contrast, the negative conductance −r � v2c � 0 indicates power
generation [22], [41]. When combined, they form the total damping
function of the oscillator, gðx, yÞ ¼ f ðx,yÞ− rx, which acts as a
nonlinear state-dependent current source, denoted as ig ¼ gðx,yÞ.
This nonlinear damping function gðx,yÞ, together with the LC
tank, constitutes a complete circuit representation, ensuring that vc
converges to a defined oscillator voltage magnitude setpoint, Vref ,
at the frequencyx0, regardless of the initial conditions [22].

B. TDDZ Oscillator Model

The nonlinear forcing function f ðx,yÞ of the TDDZ oscillator
is defined as

f ðx,yÞ ¼
aðVH −VLÞx, V > VH

aðV −VLÞx, VL � V � VH

0, V < VL

8><
>: (8)

where V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
denotes the oscillator voltage magnitude,

a¼ 2r=ðVH −VLÞ is a positive constant, while VH and VL repre-
sent the defined upper and lower boundaries of V, respectively.
In this article, VH and VL are set to 1.05 and 0.95 p.u. of Vref ,
respectively. Thus, the damping function gðx,yÞ is expressed as

gðx,yÞ ¼
rx, V > VH

aðV −VLÞx− rx, VL � V � VH

−rx, V < VL:

8<
: (9)

In the regime where V < VL, negative damping is introduced,
injecting energy into the LC tank and increasing V. Conversely,
when V > VH, positive damping curtails the growth of V. In the
intermediate regime, VL � V � Vref , the damping gradually
increases from negative to zero until V ¼ Vref . Similarly, for
Vref � V � VH, the damping decreases gradually from positive
to zero until V ¼ Vref . These dynamics create a stable limit cycle
x2 þ y2 ¼ V2

ref , establishing V ¼ Vref as the equilibrium oscilla-
tor voltage amplitude. With well-designed parameters a, VH,
and VL, smooth transitions between the discontinuous bound-
aries VL and VH are achieved.

The generalized damping function fðx,yÞ, referred to as the
damping coefficient in this article, defines the instantaneous, state-
dependent damping strength [22]. It governs the convergence speed
of the oscillator voltage magnitude V toward its setpoint Vref . The
general form of fðx,yÞ is given in (10), while specific expressions
for the damping coefficients of the classic dead zone, Van der Pol,
AH, and the proposed TDDZ oscillators are listed in Table I

fðx,yÞ ¼ e
2

@f
@x

−
x
y
@f
@y

− r

� �
: (10)

Fig. 1. (a) Generic circuit representation of VOCs. (b) gðx,yÞ of the pro-
posed TDDZ oscillator. (c) gðx,yÞ of the classic dead-zone oscillator,
whereu is a positive constant.
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For the classic dead-zone oscillator, its damping coefficient
has a constant magnitude of er=2 across the entire voltage
range. The only variation is in its sign, which reflects whether
the oscillator voltage magnitude V is increasing or decreasing
relative to Vref . In contrast, the Van der Pol and AH oscillators
feature state-dependent damping coefficients across the full volt-
age range. This results in lower damping coefficient values at
certain states, which may hinder rapid convergence.

The proposed TDDZ oscillator maintains a constant damp-
ing coefficient magnitude er=2—similar to the classic dead-
zone oscillator—across a wide voltage range while allowing
for a variable damping coefficient within a narrow band of
voltage magnitudes defined by VL � V � VH, where VH −VL ¼
0.1 p.u. of Vref . Therefore, careful tuning of er=2 in the TDDZ
design enables a fast convergence of V toward Vref when V lies
outside the range VL � V � VH. This level of constant and
fast convergence speed cannot be achieved by the Van der Pol
or AH oscillators due to their fully state-dependent damping
behavior.

The damping function gðx, yÞ of the TDDZ oscillator is illus-
trated in Fig. 1(b), while for comparison, the gðx,yÞ of the clas-
sic dead-zone oscillator is shown in Fig. 1(c). It is obvious that
the state dependency evolves from a single state (x) in the classic
dead-zone oscillator to two states (x, y) in the TDDZ oscillator.
This transition is the key factor underlying the harmonic-free
attribute of the TDDZ oscillator, which will be proven in
Section IV-B.

The L2 gain of gðx,yÞ is calculated as

c½gðx,yÞ� ¼ sup
u2L2,u 6¼0

kgðx,yÞkL2

kukL2

¼ sup
u2L2,u 6¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ðrxÞ2 dt

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ðx2þ y2Þdt

q , V > VH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0

2r
VH−VL

ðV −VLÞ−r
h i

x
n o2

dt

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ðx2þ y2Þdt

q , VL � V � VH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ð−rxÞ2 dt

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ðx2þ y2Þdt

q , V < VL

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

(11)

where 8s 2 ½0, þ1Þ.
When x¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
while y¼ 0, the maximum L2 gain of

gðx, yÞ, denoted as c½gðx,yÞ�,max, is attained, with c½gðx,yÞ�,max ¼
r. As a result, this TDDZ oscillator exhibits an inherent
bounded nonlinear gain, c½gðx, yÞ� � r, where the maximum
inherent nonlinear gain r matches that of the classic dead-zone
oscillator [10], [24]. The pertinent attributes of all four oscillator
types, including the harmonic content, the nonlinear gain of
gðx, yÞ, and the damping coefficient, are summarized in Table I.

TABLE I
COMPARISON BETWEEN DIFFERENT VOC OSCILLATOR TYPES

VOC Type
Harmonic
Content

Large-Signal Stability:
Nonlinear Gain of g(x, y) Damping Coefficient

Classic dead-zone / �¼ er Bounded: c½gðx, yÞ� � r

Constant damping speed over entire voltage magnitude range

fðx, yÞ ¼
þ er

2
, x < −ukx > u

−
er
2
, −u � x � u

8><
>:

Van der Pol / �¼ er State-dependent

State-dependent damping speed over entire voltage magnitude range

fðx, yÞ ¼ e
2
ð3ax2 − rÞ

Andronov-Hopf Harmonic-free State-dependent

State-dependent damping speed over entire voltage magnitude range

fðx, yÞ ¼ e
2
½aðx2 þ y2Þ − r�

Two-dimensional
dead-zone Harmonic-free Bounded: c½gðx, yÞ� � r

constant damping speed for V > VH and V < VL, state-dependent
damping speed for VL � V � VH

fðx,yÞ ¼

er
2
,V > VH,

er
2

2ðV −VLÞ
VH −VL

− 1

� �
, VL � V � VH

−
er
2
,V < VL

8>>>>><
>>>>>:

where V ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2

p
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IV. HARMONIC-FREE ATTRIBUTE

This section begins by reviewing the estimation of the equi-
librium frequency and harmonic content of VOC oscillators
using perturbation theory. Subsequently, this theory is applied
to analyze the harmonic properties of the TDDZ oscillator.

A. Equilibrium Frequency and Harmonic Content
Estimation by Perturbation Theory

Reference [22] applied perturbation theory to estimate the
equilibrium oscillation frequency, xeq, and harmonic content
for Van der Pol, dead-zone, and AH oscillators. Based on the
analysis in [22], the following conditions should be satisfied for
a second-order oscillator:

Oð1Þ : x000 þ x0 ¼ 0 (12a)

Oð�Þ : x001 þ x1 ¼ 2f̂0v sin s (12b)

Oð�2Þ : x002 þ x2 ¼ 2
x2

x0
v cos s− 2f̂0x

0
1 − 2f̂1x

0
0 (12c)

where x0, x1, and x2 are the series-expansion terms of xðsÞ
up to second order, while x0 and x2 denote the series-
expansion terms of xeq up to second order. The expressions
of xðsÞ and xeq are given by

xeq ¼
X1
k¼0

�kxk (13a)

xðsÞ ¼
X1
k¼0

�kxkðsÞ: (13b)

Specifically, x0 ¼ v cos s and y0 ¼ v sin s, where v is a constant
depending on the initial conditions. Furthermore, s¼ xeqt, �¼ er.
The definitions of a scaled version of the generalized damping func-
tion f̂ðx,yÞ, as well as f̂0 and f̂1, are provided as follows:

f̂ðx, yÞ ¼ 1
2r

@f
@x

−
x
y
@f
@y

− r

� �
(14a)

f̂0 ¼ f̂ðx0, y0Þ (14b)

f̂1 ¼ x1
@f̂ðx0, y0Þ

@x
þ y1

@f̂ðx0, y0Þ
@y

: (14c)

Finally, the equilibrium frequency xeq is approximated as

xeq � x0 þ �2x2: (15)

B. Harmonic Properties of TDDZ Oscillator

Reference [22] has rigorously proven that the Van der Pol
and the classic dead-zone oscillators generate harmonic content
in the larger nonlinear parametric regime (higher � values),
whereas the AH oscillator remains invariant to the choice of �.
The underlying reason lies in the feedback mechanism: in the
Van der Pol and the classic dead-zone oscillators, only a single

state (x) is fed back into the nonlinear forcing function f ðxÞ,
whereas in the AH oscillator, both states (x, y) are utilized to
define f ðx, yÞ. Since x is a nearly sinusoidal signal, determining
the oscillator voltage magnitude V in real-time based on a
single nearly sinusoidal signal lacks precision. In contrast, the
combined effects of x2 þ y2 provide a one-to-one mapping that

simplifies the real-time determination of V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. This

principle is leveraged to design the TDDZ oscillator.
The stable limit cycle of the TDDZ oscillator is defined by

x2 þ y2 ¼ V2
ref , which remains within the operating range VL �

V � VH. Therefore, the scaled generalized damping function
f̂ðx,yÞ within this range is expressed as

f̂ðx, yÞ ¼ 1
2

a
r
ðV −VLÞ− 1

� �
: (16)

Given that x0 ¼ v cos s and y0 ¼ v sin s [22], (16) can be
rewritten as

f̂ðx0, y0Þ ¼ 1
2

a
r
ðv−VLÞ− 1

� �
: (17)

Substituting (17) into (12b), we obtain the following expression:

x001 þ x1 ¼ a
r
ðv − VLÞ − 1

� �
v sin s: (18)

To eliminate secular terms, the value of v is set to v¼ ðr=
aÞ þVL ¼ Vref . Notably, this result aligns with the equilibrium
voltage amplitude analyzed in Section III-B. Consequently,
x1 ¼ y1 ¼ 0, and f̂1 ¼ 0. Then, the dynamics in (12c) simplify to

x002 þ x2 ¼ −
2x2

x0
x000 : (19)

To suppress secular terms in (19), x2 ¼ 0 also holds. Extending
the same line of reasoning to higher order terms in (13b), it is
evident that the dynamics are governed by

x00n þ xn ¼ −
2xn

x0
x000, n¼ 1, 2, :::: (20)

Thus, the conclusion is that xn ¼ xn ¼ 0 for all n> 0, which
should be retained to eliminate secular terms in all higher order
terms. In summary, the TDDZ oscillator exhibits no harmonic
content, and the equilibrium oscillation frequency is given by
xeq ¼ x0.

V. BOUNDED GAIN FOR GLOBAL ASYMPTOTIC

LARGE-SIGNAL STABILITY

This section introduces the implementation of TDDZ-based
GFM control with power regulation and presents the main ana-
lytical results of this article—a bounded system gain for global
asymptotic large-signal stability of the TDDZ-based converter-
grid system under large grid disturbances.

A. GFM Control With Power Regulation
Implementation

A single-phase converter setup is shown in Fig. 2. The hard-
ware consists of a dc source vdc, a power stage, output impedance
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(system inductance Lf and resistance Rg), and an ac grid vg. The
TDDZ oscillator is digitally implemented in a DSP and interfaces
with the converter through a voltage scaling factor kv, generating
the converter terminal voltage vo ¼ kvvc. The output line current
from the converter, denoted as is, is fed back into the digital oscil-
lator using a current scaling factor ki.

The TDDZ oscillator is designed to respond to active and
reactive power setpoints, Pref and Qref , respectively. To achieve
this, a power regulation loop represented by kiir is integrated
into the digital oscillator. The current reference ir is given by

ir ¼ 2
vaPref þ vbQref

v2a þ v2b
¼ 2
kv

xPref þ yQref

x2 þ y2
(21)

where va ¼ kvx, vb ¼ kvy. Notably, ir is also a state-dependent
nonlinear function with inputs (x, y).

B. Bounded System Gain Design

According to Kirchhoff’s circuit laws, the circuit dynamics
within the digital oscillator in Fig. 2 are governed by

ioscðsÞ þ kiisðsÞ ¼ kiirðsÞ − igðsÞ (22)

where ioscðsÞ ¼ ðxðsÞ=ZoscðsÞÞ, while ZoscðsÞ ¼ ð1=sCÞ k sL.
The expression for the line current isðsÞ is given by

isðsÞ ¼ voðsÞ− vgðsÞ
sLf þRg

¼ kv
sLf þRg

xðsÞ− vgðsÞ
sLf þRg

: (23)

Substituting (23) into (22), the circuit dynamics can be rewritten
as

1
ZoscðsÞ þ

kikv
ZgðsÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ylinear1ðsÞ

xðsÞ ¼ kiirðsÞ − igðsÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
ifðsÞ

þ kivgðsÞ
ZgðsÞ (24)

where ZgðsÞ ¼ sLf þRg.
Using (24), the TDDZ-based converter-grid system can be

represented by the block diagram in Fig. 3, where the linear and
nonlinear subsystems are compartmentalized and highlighted
in green and red, respectively. The linear subsystem gains,

Zlinear1ðsÞ and Zlinear2ðsÞ, are given by
xðsÞ ¼ Zlinear1ðsÞifðsÞ (25a)

yðsÞ ¼ Zlinear2ðsÞifðsÞ (25b)

Zlinear1ðsÞ ¼ 1
Ylinear1ðsÞ ¼

ZoscðsÞZgðsÞ
ZgðsÞ þ kikvZoscðsÞ (25c)

Zlinear2ðsÞ ¼ x0

s
Zlinear1ðsÞ: (25d)

It is worth noting that the impact of the grid voltage vg is
omitted in Fig. 3. This is because the term kivgðsÞ=ðsLf þRgÞ is
unrelated to the input states (x, y), and its L2 gain can effectively
be regarded as zero. Thus, its effects can be considered as the
finite constant g in (3), which does not affect the nonlinear gain.
In other words, as long as the global asymptotic stability in
Fig. 3 is ensured through the small-gain theorem, the TDDZ-
based converter-grid system can remain large-signal stable
regardless of ac grid disturbances. This is a key conclusion for
analyzing the large-signal stability of the TDDZ-based con-
verter-grid system by using the small-gain theorem.

The overall system gain consists of two parts: the linear sub-
system gain Glinear and the nonlinear subsystem gain Gnonlinear.
The maximum overall system gain, Gsystem;max, is the product of
the maximum gains of the linear and nonlinear subsystems,
Gsystem;max ¼ Glinear;maxGnonlinear;max. If Gsystem;max < 1, the global
asymptotic large-signal stability is guaranteed.

There are two linear subsystems in parallel, Zlinear1ðsÞ and
Zlinear2ðsÞ, so the maximum linear subsystem gain is given by
Glinear;max ¼maxfc½Zlinear1ðsÞ�;max; c½Zlinear2ðsÞ�;maxg. For the
maximum nonlinear subsystem gain, Gnonlinear;max, it contains
two components in series: kiirðx, yÞ and igðx,yÞ. Thus,
Gnonlinear;max ¼ fc½igðx,yÞ�;max þ kic½irðx,yÞ�;maxg.

The L2 gain of igðx, yÞ has been derived in Section III-B as
c½igðx,yÞ�,max ¼ r. To obtain a bounded L2 gain of irðx,yÞ, we
can set the minimum threshold of the oscillator voltage magni-
tude V in (21), namely v2a þ v2b ¼ k2vV

2, as k2vV
2
min. Substituting

this into (21), we can get the following:

ir ¼ 2
vaPref þ vbQref

v2a þ v2b
¼ 2
kv

1
V2
min

ðxPref þ yQrefÞ: (26)

Fig. 2. Implementation of a TDDZ-controlled converter.

Fig. 3. Block-diagram representation of the TDDZ-based converter-grid
systemwith the linear and nonlinear subsystems clearly compartmentalized.
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The L2 gain of irðx,yÞ is then calculated as

c½irðx,yÞ� ¼ sup
u2L2,u 6¼0

kirðx,yÞkL2

kðx,yÞkL2

¼ 2
kv

1
V2
min

sup
u2L2,u 6¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ðxPref þ yQrefÞ2dt

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR s
0 ðx2þ y2Þdt

q (27)

where 8s 2 ½0, þ1Þ
The following inequality holds:

xPref þ yQref � V
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
ref þ Q2

ref

q
(28)

Therefore, the maximum L2 gain of irðx,yÞ is as follows:

c½irðx, yÞ� � 2
kv

1
V2
min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
ref þQ2

ref

q
: (29)

By setting V2
min, the L2 gain of irðx, yÞ is effectively bounded.

Additionally, it is important to emphasize that setting V2
min

imposes a direct limit on the maximum magnitude of the current
reference irðx, yÞ in (26). This constraint is essential to account
for the limited current capacity of the power electronic devices
within the converter [2].

VI. SIMULATION AND EXPERIMENT VALIDATION

To validate the effectiveness of the proposed TDDZ oscilla-
tor, both simulation and experimental tests are conducted using
the parameters outlined in Table II. Numerical simulations are
performed in MATLAB/Simulink. A laboratory-scale experi-
mental platform is constructed, as shown in Fig. 4. This platform
employs a 50 kVA Cinergia ePlus grid simulator to generate the
ac grid voltage and an H-bridge inverter unit that delivers power
to the ac grid through the system impedance (system inductor Lf
and resistor Rg). The oscillator dynamics, including the power
regulation loop in Fig. 2, are discretized using a time step equal
to the switching and sampling period, Tsw ¼ Tsam ¼ 10−4 s.
These discretized nonlinear oscillator dynamics are executed on
the DSP of the RTU-BOX205 real-time controller.

A. Harmonic-Free Attribute

The first set of experiments is designed to verify the harmonic
properties of the TDDZ oscillator without power regulation.

The values of � are adjusted, specifically �¼ ð1=20Þ and �¼ 1,
while maintaining the natural frequency x0 ¼ 2p50 rad s−1.
Time-domain simulations are conducted to capture the startup
process, while experimental results focus on the periodic steady-
state waveforms.

Fig. 5 presents both simulation and experimental results. The top
panels illustrate simulation trajectories, demonstrating convergence
to a periodic steady-state, with two different initial conditions shown
in polar plots for comparison. The bottom panels depict the corre-
sponding experimental results in the periodic steady-state.

The results clearly indicate that the TDDZ oscillator achieves
harmonic-free steady-state waveforms, irrespective of the �
value, closely aligning with theoretical analysis. A modest third-
to-fundamental harmonic ratio, c3, observed in the experimental
results, is attributed to nonidealities caused by PWM switching
rather than the oscillator itself.

As a comparative case, the harmonic properties of the classic
dead-zone oscillator with �¼ 1 are also investigated through
both simulations and experiments. As shown in Fig. 6, the peri-
odic steady-state voltage waveforms contain a significant por-
tion of third-to-fundamental harmonic, c3 ¼ 9:55%, consistent
with the theoretical findings in [22].

B. GFM Control With Power Regulation Performance

To evaluate the performance of GFM control with power reg-
ulation, the TDDZ-based converter is subjected to an active
power reference step change, with Pref varying from 0.00 to
1.00 p.u. Fig. 7 presents the experimental results, showing the
line current is and actual active power P. The results clearly
demonstrate that P closely follows the reference step change,
achieving the new setpoint within around 65 ms.

C. Large-Signal Stability Under Grid Disturbances

The third set of experiments is conducted to evaluate the large-
signal stability of the TDDZ-based converter-grid system under
large grid disturbances. Specifically, continuous grid voltage dips
are applied at various levels, with the grid voltage vg dropping
from 1.0 to 0.7 p.u. at t1, 0.5 p.u. at t2, and 0.2 p.u. at t3. Based on

TABLE II
SYSTEM AND CONTROL PARAMETERS

Symbol Description Value

Sr Rated capacity of converter 600 VA (1:0 p:u:)
vg Grid voltage (peak value) 70 V (1:0 p:u:)
fg Grid frequency 50 Hz
Lf System inductance 3 mH
Rg System resistance 1 X
Vdc DC link voltage 100 V
x0 Natural frequency of LC tank 2p� 50 rad=s
Vref Oscillator voltage magnitude setpoint 70 V
r Negative conductance 0.04
e Characteristic impedance of LC tank 0.2
ki Current scaling factor 10
kv Voltage scaling factor 1

Fig. 4. Configuration of the experimental setup.
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the analysis in Section V-B, as long as the overall system gain
Gsystem < 1, global asymptotic large-signal stability is ensured.
This implies that the TDDZ-based converter can maintain stable
operation regardless of the voltage dip level.

Once the system and control parameters, C, L, ki, kv, Lf , and Rg,
are selected, the maximum linear subsystem gain is calculated as

Glinear;max ¼ 0:333. To evaluate the global asymptotic large-signal
stability, the maximum nonlinear subsystem gain Gnonlinear;max is
manually changed by adjusting the setpoints Pref , Qref , and Vmin,
which ultimately affects the overall system gain.

In the first test case, with Pref set to 350 W (0.583 p.u.), Qref

set to 0.000 p.u., and Vmin set to 55 V (0.786 p.u.), the nonlinear
subsystem gain is calculated as Gnonlinear;max ¼ 2:354, resulting
in an overall system gain of Gsystem ¼ 0:78< 1. A tolerance
margin is considered for Gsystem to account for electric compo-
nent tolerances, uncertainty, and roundoff error in practical
applications [10].

Fig. 8 illustrates the experimental results with Gsystem ¼ 0:78
under grid voltage dip disturbances, showing the grid voltage
vg, the converter terminal voltage vo, is, and P, along with
zoomed-in views for better visualization. Here, DT shows the
display time division. The results clearly demonstrate that the
entire system remains stable across all tested voltage dip levels,
regardless of whether the current command ir is saturated
by V2

min.

Fig. 5. Time-domain simulation and experimental results for the TDDZ oscillator. (a) �¼ er¼ ð1=20Þ. (b) �¼ er¼ 1.

Fig. 6. Time-domain simulation and experimental results for the classic
dead-zone oscillator (�¼ er¼ 1).

Fig. 7. GFM control with power regulation performance of the TDDZ-
based converter in response to a Pref step from 0.00 to 1.00 p.u.
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In the second test case, Gnonlinear;max is increased to 4.20 by set-
ting Vmin to 41 V (0.586 p.u.), while keeping Pref as 350 W (0.583
p.u.) andQref set to 0.000 p.u., resulting inGsystem ¼ 1:40> 1. It is
important to note that even thoughGsystem > 1, this does not neces-
sarily mean the system will become unstable. The small-gain theo-
rem provides only a sufficient condition for global asymptotic
large-signal stability, not a necessary one [25].

Fig. 9 illustrates the experimental results for the second test
case with Gsystem ¼ 1:40, where the grid voltage vg drops from
0.5 to 0.35 p.u. at t3. A voltage drop level of 0.2 p.u. is not tested
because it would trigger the converter’s overcurrent protection.
From the responses of vo, is, and P, it is obvious that the TDDZ-
based converter-grid system becomes unstable after the grid
voltage drops to 0.35 p.u. While the system can maintain stabil-
ity at higher voltage levels, such as 0.5 p.u., global asymptotic
large-signal stability cannot realized.

In the third test case, Vmin is maintained at 41 V (0.586 p.u.),
and Qref is kept at 0.000 p.u., while Pref is reduced from 350 W

(0.583 p.u.) to 200 W (0.333 p.u.). This adjustment results in
Gnonlinear;max ¼ 2:42, leading to Gsystem ¼ 0:81. The experimen-
tal results for the third test case are shown in Fig. 10. It is evi-
dent that the entire system remains stable across all voltage drop
levels after the overall system gain is reduced to less than 1.

In the fourth test case, Qref is increased to 200 Var (0.333
p.u.), while Pref and Vmin are kept the same as in the first test
case. This results in an overall system gain of Gsystem ¼ 0:90.
The experimental results, shown in Fig. 11, confirm that the
system remains large-signal stable under these conditions.

Fig. 8. Performance of the TDDZ-based converter in response to grid
voltage dip disturbances with Gsystem ¼ 0:78 (Pref ¼ 0:583 p.u. and Qref ¼
0:000 p.u.). (a) Grid voltage and converter terminal voltage responses. (b)
Converter current and actual active power responses.

Fig. 9. Performance of the TDDZ-based converter in response to grid
voltage dip disturbances with Gsystem ¼ 1:40 (Pref ¼ 0:583 p.u. and Qref ¼
0:000 p.u.). (a) Grid voltage and converter terminal voltage responses. (b)
Converter current and actual active power responses.

Fig. 10. Performance of the TDDZ-based converter in response to grid
voltage dip disturbances with Gsystem ¼ 0:81 (Pref ¼ 0:333 p.u. and Qref ¼
0:000 p.u.). (a) Grid voltage and converter terminal voltage responses. (b)
Converter current and actual active power responses.
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D. Large-Signal Stability of AH Oscillator

For comparison, the large-signal stability of the AH oscillator is
investigated under the same steady-state operating conditions as
the TDDZ oscillator. Due to the state-dependent nature of the non-
linear subsystem gain in the AH-based converter-grid system, the
small-gain theorem cannot be applied to guarantee large-signal
stability. The same grid voltage dip disturbances are applied, and
the corresponding experimental results are shown in Fig. 12. It is
evident that the system becomes unstable when the grid voltage vg
drops to 0.4 p.u., as indicated by the zoomed-in oscillatory behav-
ior of is and vo in Fig. 12(c). A further reduction in vg would trig-
ger overcurrent protection; thus, this is not shown in Fig. 12.

VII. CONCLUSION

This article proposes a TDDZ oscillator for single-phase
GFM, grid-connected converters, characterized by its harmonic-
free attribute and bounded nonlinear gain. The key conclusions
are summarized as follows.

1) The harmonic-free attribute of the TDDZ oscillator is rigor-
ously proven using perturbation theory. This attribute arises
from the 2-D state dependency utilized in designing the
nonlinear forcing function f ðx,yÞ of the TDDZ oscillator.

2) A bounded nonlinear gain is achieved by defining upper and
lower boundaries of the nonlinear damping function gðx, yÞ
and setting the minimum threshold for the oscillator voltage
magnitude in irðx, yÞ within the power regulation loop.

3) As long as the overall system gain remains less than 1,
the global asymptotic large-signal stability of the TDDZ-
based converter-grid system is ensured, irrespective of
grid disturbances.

The harmonic-free attribute and the ensured global asymptotic
large-signal stability—achieved with a bounded overall system

gain less than one—are validated through simulation and experi-
mental results, which closely align with the theoretical analysis.
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